We apply the method of dressing chains to reproduction of Toda lattice in the case of D=1 and D=2. On the example of modified equations m 0 T L and m 1 T L it is shown that combination of the Darboux and Schlesinger transformations results in closed dressing chains.
Introduction
In this work we consider the method of dressing chains of discrete symmetries for the Toda lattice (TL) (including the two-dimensional generalization of them). One starts with nonlinear Schrodinger equation (NLS) iu t + u xx + 2u 2 v = −iv t + v xx + 2v 2 u = 0,
which admits two different types of discrete symmetries: Darboux transformation (DT) and Schlesinger transformation (ST). The ST leads to connection between NLS and TL models [1] . Using this circumstance and Lax pair for the NLS model one can find Lax pair for the TL one. Then, using DT for the NLS and Lax pair for the TL one can obtain the DT for the TL. Therefore total theory of TL (Lax pair and DT) can be constructed starting out from the theory of NLS. Using DT for the TL one can construct TL dressing chains to find modified TL equations which will be denoted as m 1 T L (with superscript). To do that it is enough to know L-operator of the NLS. By repeating this procedure with A-operator of the equation (1) one find symmetries of the m 1 T L (the exact definition of these symmetries is contained in [2] ). This plan is realized in the Section 2. We'll show that it is appears the closed dressing chains which tie together TL and Volterra equations, in contrast to open-ended dressing chains of the KdV and NLS equations. This is the character of the dressing chains of the TL equations.
The alternative path to "multiply" the Toda lattice (see Sec. 3) is as follows: One construct discrete symmetry chain for the NLS to find modified NLS equations (we denote them by the m k NLS). Each of them inherits a ST from an initial NLS (1) which leads to corresponding Toda-like lattice equations -m k T L (with subscript). Since Lax pair and Darboux transformations for the m k NLS are known (this is crucial point of the dressing chains method) then one can find Lax pairs and DT for the m k T L. Now, if we apply the method from the previous paragraph then one will find a new family of Toda-like equations (we denote them by the as m n k T L. The subscript points to the number of the modified NLS which creates this m n k T L equation. For example, all Toda-like equations from the Sec. 2 belong to class m 0 T L, while all ones from the Sec. 3 belong to class m 1 T L).
In Sec. 4 we generalize our approach to D = 2 TL models using the Davy-Stewartson equations (DS). Dressing chains of the first and second types are constructed.
There are many works which are devoted to links between integrable NLS-like models and difference-differential Toda-like lattices (see, for example, [3] ). The classification of integrable lattice was made in [2] , [4] . Our results are associated with results in [5] and we are discussing that in Sec. 5. This work is continuation of our research in [6] , [7] which, for one's turn, was inspired by the article [8] .
2 Equations m 0 T L Lax pair for the (1) has the form
where
λ and µ are spectral parameters, σ 3 is the third Pauli matrix, Ψ -2 × 2 matrix function. We denote componentry of the first matrix Ψ column by ψ n , φ n , u ≡ u n , v ≡ v n . Then, the L-equation of the system (2) has the form
The components of the second Ψ column are satisfying the similar system with substitution λ → µ. The ST for the (1) are
and reverse conversion:
Let us denote
It is easy to examine that functions q n are solutions of the TL equations q n,xx = e q n+1 −qn − e qn−q n−1 .
This remarkable point was noted in many works (see, for example, [1] - [3] ). Our first aim here is to construct Lax pair for the (8) starting out from the equations (3). It is comfortably to introduce the shift-operator T :
We act T −1 on the equation (5b) then substitute the expression for the φ n into (3a) to obtain the first equation of the Lax pair:
To obtain the second equation of the Lax pair we act T onto the (3b) and substitute into this expression φ n+1 (from the (5b)), v n+1 (from the (4b)) and ψ n,x from the (9). As a result one get
The consistency constraints of (9) and (10) has the form of two equations
which can be transformed into the (8) by the (7). Thus, (9) and (10) are nothing but Lax pair for the TL model. Let us construct DT for the TL equation using elementary DT for the NLS model (1) (see [9] ). Let ψ 1 and φ 1 be the components of the first matrix Ψ column, where Ψ is the solution of the (2) with λ = λ 1 . Then one can write two sorts of the DT (the indices are omitted):
and
Let's ψ 2 , φ 2 be components of the second matrix Ψ column with µ = λ 2 . Then one make transformations (11) and (12):
Note that the DT transformations are commutating
If we'll write (13) explicitly for the twice dressed potentials and wave functions it is easy to see that we would obtain the "ordinary" DT for the NLS (see [10] ). This is why we can call (11) and (12) as elemantary DTs. Unfortunately these transformations are uncomfortable in sense of getting exact solutions of the NLS because, in the case of general position, it is impossible to conserve reduction restriction u = ±v * , in contrast to (13) . Now it is easy to find DT for the TL equations. Omitting simple calculations we'll show the result. Let {ψ 1,n } be the solution of the Lax pair (9), (10) with λ = λ 1 . Then we have two DTs for the TL equations which will be referred to as R-transformation and L-transformation:
Using (9)- (10) it is quit easy to find first modified TL equations. For this purpose one introduce new functions τ n and ξ n
where ∂ ≡ −i∂/∂x, V n ≡ ip n . The shape of the function τ n is dictated from the (14) and (15) . In new dependent variables, the Lax pair for the TL equations has the form:
Note that the first equations has quadratic nonlinearity by fields τ n , as it should be in the method of the dressing chains ( [8] ). Eliminating potentials U n , U n+1 and V n+1 from the (16) one get equation m 1 T L, which is just a Volterra equation (one can write this in more customary form; see (17a), (52)):
To obtain dressing chains of discrete symmetries one can use either R or L transformations (14) , (15) . Let us choose the (14) . At the same time, the transformations regulation for the U n and V n has the form:
Let's take ψ 2,n as the solution of (9), (10) with λ = λ 2 , ψ
2,n is calculated from the (14) whereas ζ n is defined by the expression:
After simple calculations one get these chains:
(18) contain Lax pair for the (17). Denoting ζ n = log Ψ n , we get
and new spectral parameterλ is connected with the λ by the proportion:λ = 2(λ − λ 1 ). We note that the consistency condition of (19) has the form of usual Toda lattice
and can be reduced to the (17) by the substitution (20) into the (21). In new dependent variable the R-transformation (14) is nothing else but L-transformation (15) . In other words, one obtain the closed chains of discrete symmetries which connect TL equations with Volterra equations (m 1 T L). To complete the picture we'll cite the corresponding formulas. Let Ψ 1,n be the solution of (19) withλ =λ 1 = 0. R-transformation (14) induce L-transformation (15) for the (19) and (21) (one can examine it by the direct calculation ):
where σ n = Ψ 1,n /Ψ 1,n+1 are solutions of system (compareto (16)):
Using (21) and (22) we eliminate potentials B n and again obtain Volterra equations:
where β n = A n /σ n . Analogously, one can consider t-equations. Rewriting (1) in new variables q n , p n , and taking (8) into account we get the known symmetry of the equations (8):
It is possible to repeat all actions described above: to find Lax pair, then to apply Darboux transformation to construct symmetry of the Volterra equations. Resulting formulas has been described before (with the help of another approach; see [2] , [4] ) so we omit them here. Note that [2] contains the total (up to gauge, linear, Galilean transformations) list of integrable generalization of classical and relativist Toda lattice in the form
with symmetries
Using the method of dressing chains we have found only two equations from this list. In the next Section we'll obtain new generalization of TL equations.
Using DT (13) and Lax pair for the NLS (1) we can construct the first modified NLS (m 1 NLS) which has the form
where α = λ + µ, β = λ − µ, λ and µ are spectral parameters of (2) as before, and b = b(x, t) with c = c(x, t) are new dependent variables which are defined by
If α = β = 0, then the equation (24) take the elegant form
STs for the (25) are defined by the formulas (compare to(4), (6)):
Formulas (26) were obtained from the discrete symmetries chains of NLS in our work [7] . There is another (more spontaneous) way to obtain them. This way is based on the comparative analysis of (25) and (1). Let's consider (for distinctness) the transformation n → n + 1 in (26). In the case of ST (4a-b) for the NLS one can see that new fields are expressed through old ones via formulas (most of indices are omitted in order to prevent jamming of formulas):
By analogy with (27), one need pick out for the (25)
where values q = b x , p = c x , w = q x must be considered as independent variables whereas B and C should be obtained. Now we should substitute (28) into mNLS then eliminate time derivatives with the help of (25) and, at the end of this, to equate to zero expessions attached to independent variables. In such a way, equating to zero the factor attached to w x in the second equation (25) we get (after simple integration by w):
where S(b, c, q, p) is arbitrary function of it's arguments. By equating to zero the factor attached to w one get
The further inquiry show that we need to choose the second way so S = Z(b, c, q). Then, the nulling of the factor attached to p x results in simple PDE and the integration of this equation gives us the functional dependence for the C:
The factor attached to w 2 leads to Riccati equation (that's a bad news) but we can simplify the problem (here are a good ones) using the following observation: Let
Substituting (29) into the (25) we see that if ǫ → 0 then two last items in (25) are negligible quantities so the equations (25) are reduced to (non-soliton) NLS. This implies that if ǫ → 0 then our desired ST must be reduced into ST (4). Therefore
where −2 , we get the initial object for the C:
where G m are dimensionless constants. In fact , it is enough to restrict ourself to the first term of series in (30) (we can verify, comparing (30) with (26), that G 1 = 1/4 whereas the rest coefficients are zero). Using this obtained initial object one can continue the calculation to find (26). If α and β are nonvanishing numbers then
The quantity Z(α, β, b, c) has bulky form so we'll show it in two extreme cases when either β = 0 or α = 0:
Formulas (31), (32) result in new Toda-like lattice. Denoting
one find the equations m
Thus we have integrable lattice composed of interaction nodes (atoms) of two kinds. It is most simple case when α = β = 0. In this case each equation looks as a law of each atom's total energy conservation. In other words, in this case the equations (33) describes zero-point oscillations of lattice. Lax pair for the (33) can be obtained via NLS discrete symmetries chains. As a result one get
where Ψ n , Φ n are wave functions of the spectral problem, α 1 , β 1 are spectral parameters (α and β are fixed) whereas functions a n , A n are defined as:
Equations (33), (34) are analogue of Lax pair (16) for the TL equations (8) . It is quite obvious from (34) that log Ψ n , log Φ n are solutions of the same m 1 T L equations (33) with the change α → α 1 , β → β 1 .
At last, using (13) it is easy to calculate corresponding Darboux transformation for the (34). One can predict the response:
Intermediate equations m 2 1 T L (i.e. the analogue of the Volterra equation for the (33)) can be obtained from the above mentioned formulas:
The Lax pair for the m 2 1 T L equation can be obtained from the (34) by the elimination of Ψ n and Φ n with the help of the (35). In the role of wave function one get b n and c n (with another values of α, β). Thus, we get closed dressing chains again.
D=2 TL equations
Above-stated formalism is also work for the D = 2 TL equations. These equations can be obtained from the DS equations:
Here α 2 = ±1. The Lax "pair" for the (36) is the system of four scalar equations, 
where g = −iF x . Now let two twains of functions {ψ 1 , φ 1 ; ψ, φ} be solution of the (37) with any given u, v and F . Elementary Darboux transformations for the DS equations (i.e. the analogue of the (11), (12) ) has the form,
and 
